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Abstract

I study a competitive equilibrium populated by a generalist and two specialists. There
are two Lucas trees with output correlation, and two signals on the conditional growth
rate of each tree. While the generalist uses two signals to infer the conditional mean of
both trees, specialists each use one signal, albeit with higher precision, to learn about
both trees — since output is correlated. I find that when precision is low, the generalist
eventually vanishes from the market due to an inability to hold decisive trade positions;
as the generalist is always sandwiched between two aggressive specialists, it is not until

precision is high that the information advantage of knowing many things pays off.

A fox knows many things, but a hedgehog knows one big thing

—Isaiah Berlin on Archilochus

1 Introduction

I study a competitive equilibrium populated by a generalist and two specialists, cast as foxes
and hedgehogs, in a difference-of-opinion framework. Agents maximize expected utility but
must form beliefs about time-varying expected returns. There are two Lucas trees in this
economy with output correlation, and two signals on the conditional growth rate of each tree.
While the generalist uses two signals to infer the conditional mean of both trees, specialists

each use one signal, albeit with higher ability/skill/precision, to learn about both trees —



since output is correlated. I study the long-run survival of each agent in this economy and
characterize regions for different values of skill in which one group dominates the other.

I find that if the precision/ability of the generalist is low, the generalist is eventually
driven out of the market. At intermediate levels of precision, dominance depends on the
separation specialists have over the generalist. When the generalist’s precision is high—so
that there is no room for more separation—, the generalist strictly dominates. The primary
mechanism behind these results is whether the generalist is able to secure decisive gains. Be-
cause the generalist observes both signals at lower precision, his trade positions are always
in-between the two specialists. If the generalist believes that signals are noisy, more infor-
mation is harmful because it prevents the generalist from taking uninformed positions that
could work to his favor, which in noisy environments turn out to be important for securing
meaning trade gains.

My results speak to the innocuous question: is it better to know many things or one thing
really well; in financial markets, the question is already well studied. This paper departs
however by first assuming the co-existence of both generalist and specialist — the first to my
knowledge to do so, as opposed to the single rational agent models common in the optimal
inattention literature.

Further in contrast, I study optimality implicitly through survival. According to the
market selection hypothesis of Alchian (1950), Friedman (1953), and later Fama (1965),
rational expectations is justified because irrational traders — or agents with incorrect beliefs
to be precise, should eventually lose all of their wealth and vanish in the long run; in
consequence, prices converge to the expectations of the most rational agents'. Sandroni
(2000) formalizes this theory and shows that the market indeed favors agents who consistently
make the best predictions without the need to assume rationality. Adding on, Blume and
Easley (2006) show that if utility is time-additive and markets are complete, it is a result
of the first welfare theorem that an agent receives more consumption in the states that he
believes are more likely to occur. Hence, the survival of a generalist /specialist in the presence
of the other directly implies who consistently makes the most accurate predictions, and I

quantify the expected long-run share of consumption across different environments.

1See the introduction in Blume and Easley (2006) for an exposition on this subject



Does co-existence matter? In short, yes if only to overturn a conclusion in Admati and
Pfleiderer (1987). In their paper, the authors study an example with two risky assets and
two signals in which signal errors are correlated. They show that if prices are uninformative,
signals are complements for low and high values of precision and substitutes for intermediate
values. In contrast, my paper shows that it is strictly better to be a specialist at low levels of
precision and in intermediate values, how much more the specialist knows over the generalist
matters substantially.

Finally, I explore a recurring theme in the literature that generalists are better equipped
to handle recessions®. My model explains this intuition by the same logic — it’s not neces-
sarily that generalists can time the market, but that they never commit to a single position.
I show that even if the generalist is expected to be driven out, if the sample path is charac-
terized by extreme events, the generalist survives because of his innate buffer against large

swings in his consumption profile.

1.1 Related Literature

This paper builds on the literature on disagreement. Scheinkman and Xiong (2003) and
Basak (2005) are two early papers. In Dumas et al. (2009), an irrational group of agents
mistakenly believe that a signal is informative. As a result, irrational investors create their
own noise a la De Long et al. (1990). In turn, the rational agents who are risk-averse are
willing to accept lower expected returns given the presence of excess volatility. In the very
long run, irrational agents eventually vanish from the market. In contrast, Borovicka (2020)
shows that irrational agents with recursive utility can dominate the equilibrium in the long
run because the precautionary savings motive allows irrational agents to survive.

On information specialization, Goldstein and Yang (2015) show that it is optimal to spe-
cialize in subsets of news categories if there are large costs to processing different signals.
Massa et al. (2020) follow the trades of institutional investors and find that investors with a
high degree of news specialization outperform investors with a low degree of news specializa-
tion on average; in particular, “When specialists have larger buy positions on a stock than

generalists, the stock will have higher future returns.” Hameed et al. (2015) find evidence

2See for example Kacperczyk et al. (2016) and Zambrana and Zapatero (2021)



that when analysts revise the earnings of a firm that has high coverage, it changes the stock
prices of similar firms significantly. Furthermore, they find evidence that analysts cover that
firm in the first place because its fundamentals correlate most strongly with other firms in
the same sector. Supporting substitutability of information, the authors argue that investors
use information on one stock to price other stocks. Similarly, Mondria (2010) shows that if
an investor has limited capacity to process information, the investor chooses to specialize in
the signal that is potentially informative about many assets.

Finally, on market timing, Kacperczyk et al. (2014) find evidence that mutual fund
managers who do well in expansions are also able to time the market in recessions — in
other words, this particular skill is symmetric. Kacperczyk et al. (2016) show that one value
mutual fund managers provide is performance during business cycles. In their model of
optimal inattention with signals at the market and firm level, the volatility of the market
spikes during recessions so it is optimal for the agent to allocate towards signals about the
market (a generalist in this framework is a manager who learns about the market as opposed
to someone who learns many things). Massa et al. (2020) find evidence that generalists switch
to market related information during bear markets while specialists do not shift outside of
their category. Lastly, Zambrana and Zapatero (2021) provide evidence that mutual funds
outperform when they assign market timers to be generalists and superior stock pickers to

be specialists, possibly a result of better matching.

2 Model

2.1 Endowment Economy

There are two Lucas trees, A and B. The cumulative cash flow process in the economy can

be described by the stochastic differential equations:
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One way to think of (1) is that it describes the real GDP between two partially integrated
countries in which a temporary productivity shock to country ¢ spills over to the productivity

of country j. The growth rate of endowment p! is mean-reverting,
dyy = —C(pg — p)dt + 0,dB; (2)

where ¢ > 0 is the speed of mean reversion, fi is the long run rate of growth, d B! are shocks
to the growth rate and dZ; are shocks to output. o, is the diffusion for the rate of growth
and it is less than o, the volatility of output. Importantly, p is the correlation in output,
controlling the weight that each output shock contributes to the output of a Lucas tree.
Furthermore, there are two public signals that are perfectly informative about shocks to
the growth rate,
ds. = dB;

and agents are endowed with skill/ability to read the signals. One can see that just by
observing ds!, an agent can form a precise estimate of du! and can consequently back out
the sum of the shocks dZ/,dZ/ from output, dX//X!. By knowing the total output shock
and accounting for the weights that each Brownian motion contributes, the agent can then
reasonably back out dz from dX7 /X7 without having to “study” asset j. In this manner,
an agent can use information on just one asset to price both in the spirit of Hameed et al.

(2015).

2.2 Agents and Information Sets

There are three agents: 1 generalist and two specialists. Agents only observe realized output
but know the parameter values for {p, ii,(,0,0,}. As I will expand on later, agents in this
economy trade financial securities in each period and must continuously estimate p: from the
history of outputs to balance their portfolio. Thus, uncertainty over pui propels the dynamics
of this paper.

To make things interesting, no agent in this economy can perfectly read the signals. An
appropriate interpretation could be that all the information to price securities is readily

available but individuals each face constraints in capacity or ability.



In particular, the generalist believes that the dynamics of the signals obey

ds{! = ¢'d B! + /1 — (¢/)2dW}"
ds; = ¢/dBP + /1 — (¢/)2dW/

In other words, the generalist believes that the signal is a weighted average of two Brownian
motions in which one Brownian motion is informative about the fundamental and the other
is just pure noise. We can interpret 0 < ¢’ < 1 as his endowed ability or skill to read the
signal while simultaneously functioning as the signal precision. To hammer the point, when
¢ is low the generalist belicves that the signal is mostly noise driven by dW/.

On the other hand, specialist 1 (who specializes in asset A) believes that the signals obey

ds;' = ¢pd B + /1 — (¢)2dW,*
ds? = dwp

in which ¢ > ¢ since specialist 1 knows one big thing really well. In comparison to the
generalist, specialist 1 correctly assigns a greater weight to the informativeness of signal
ds#, but because he cannot “read” ds?, he treats the second signal as pure noise. The same
scenario holds symmetrically for specialist 2 who specializes in asset B. Thus, this set-up
tries to match as closely as possible the environment in which we can study the question: is

it better to know many things or one thing really well?

2.8 Information Processing

Common to the difference-of-opinion literature, agents do not learn from prices nor do they
learn from each other. They are dogmatic in their beliefs but behave rationally within them.
They are who they are and no “rational” agent in the rational expectations sense exists.
Agents update their beliefs about ut, i # j; 4,5 € {A, B} using the continuous time
version of Bayes’ rule using the combination of realized outputs for asset 4, j and ds! where

appropriate®. Applying Theorem 12.7 from Liptser and Shiryaev (2000), the generalist up-

3In the interest of exposition, I exclude the behavior of specialist 2 (who covers asset B) and sometimes
asset B, given the symmetry to specialist 1.



dates his beliefs according to*

adjustment for
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where Q€ is the posterior variance of the forecast and QF is the covariance of forecasts
between A&B. Lastly, ¢'o,ds? is the adjustment using the signal about A and we can see
how ¢’ modifies the sensitivity to the signal. I include as a reference the slope of adjustment
when p = 0.5, 0 = 0.15, 0, = 0.02, ( = 0.2, ¢' = 04, ¢ = 0.6 and omit the generalist’s
update for B given the symmetry.

Because of output correlation, we can see from (3) that the generalist updates his belief
about di§ using the output of asset B. The logic is this: when there is a positive surprise
in the output of dX?2, the generalist lowers his forecast of u! to account for the possibility
that a large dZP transmits to the output of dX;! in a small way®, and we can compare the
slopes of adjustment to reinforce this point.

In contrast, specialist 1 updates his beliefs according to
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Readily, the inequality ¢ > ¢ leads to the intuitive answer that relative to the generalist,

specialist 1 under-reacts to surprises in output when updating dji4 because he assigns a

41 suppress time subscripts here and begin to abuse notation, but it should be clear that fi; changes over
time.
>Conversely, how a very large dZ{! transmits to dX/ in a small way.



higher weight to the informativeness of ds:*. The trade-off is that he overreacts to surprises
in output when updating djip given the greater posterior variance of his forecast Q} > QY.

Van Nieuwerburgh and Veldkamp (2009) address the paradox that in order for an investor
to diversify his portfolio, he must learn about the payoffs of risky securities. But the more
he learns about a specific security, the greater his precision and informational advantage
become and as a result, the investor trades more of it — leading to under-diversification.
Similarly in my model, specialist 1 trades asset A more aggressively than both the generalist
and specialist 2 do. Conversely, specialist 2 trades asset B most aggressively. The generalist,
though better informed about both assets, is sandwiched between two aggressive specialists.
This is the primary tension that at low levels of precision prevents knowing many noisy
signals to be conducive towards survival in financial markets.

To visually illustrate how (3) and (4) differ, I first present a useful result.

Lemma 1. The dynamics of the forecast error between the generalist’s estimates and the

true conditional mean are governed by

df — <C+02(1_p2>>'f1 dt 0_2(1_p2) f] dt+<o_2(1_p2) P+ 0’2<1—p2) m) dZt
(QG _ pQG)U . (QG — pQG)
o2(1—p2) ™ o2(1—p?)

ap> dZ} + ¢'o,ds! — 0,dB!

for assets i # j; i,j € {A, B} and where
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Figure 1: Impulse response of an agent’s forecast error in response to a unit
Brownian shock at t = 1 for ¢/ = 0.5, ¢ = 0.7. Forecasts about p? (left), u? (right).
For reference, 0.004 on the y-axis corresponds to a forecast error of 40 basis points at the
monthly horizon. With ¢, = 0.03/ V12, the size of a growth shock is about 87 basis points.

Likewise for specialist 1,
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Proof. Define f& = ¢ — p; (at time t). Apply Itd’s lemma to both sides, substituting in (3)

and (2) into dji¢ and dy respectively. Same approach for specialist 1. O

Figure 1 shows how each agent’s forecast deviates from the true conditional mean in



response to a unit shock to one of {dZ#,dZB, dB{*,dBP} when ¢/ = 0.5, ¢ = 0.7. The left
panel shows the forecast error for ;# and the right panel shows the forecast error for p56.
With generality, agents overestimate the true conditional mean in response to an output
shock and underestimate in response to a growth shock. The overestimation in response to
an output shock is muted; the minor differences in height is due to the different posterior
variance each agent has over a forecast about asset A or B.

Clearly, the real story occurs in response to growth shocks. Focusing on the lower left
panel, we see that specialist 2 is entirely blindsided by the growth shock to A because he
ignores ds!. The fast decay afterwards is due to the inherent mean reversion and importantly,
the adjustment in response to the lack of “noise” in dXP/XP. In contrast, specialist 1
underestimates the true mean by 30% for ¢ = 0.7. Still, he is the most optimistic about asset
A relative to the others; specialist 1 places higher probabilities to good states of nature and
we will see shortly in equilibrium how these differences in forecasts manifest in consumption
paths.

Finally, another useful result:

Lemma 2. The change of measure, or the Radon-Nikodym derivative, that translates sub-

jective probabilities between the generalist and specialist 1 is given by

-1
144/1—p2 1—4/1—p2
d_"l:_[gl ] VIR VR T -
n? A JB 1—+/1-p2 14+/1—p? G
e = L

where g} = 4§ — i}y and g = 4% — 5 and dZ§,dZ§ are the subjective Brownian motions

of the generalist.

Proof. Since the two agents observe the same output, it is true that

pSdt + 0,dZ5 + 0,dZ5 = pldt + 0,dZ} + 0,,dZ},

pSdt + 0,dZ25 + 0,dZ8 = phdt + 0,,dZ} + 0,dZ}

6For exposition, I omit 4 plots that would make the figure complete, i.e. the forecast of ;Z in response
to a dZ/* shock.
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Collecting in matrix form,

o, om| |dZ§ _ —gl dt + op om| |dZ}
Om  Op _ng_ —gk om oy | |dZE
- - -1
dz§ 0, Om ! dz!
= |7 I a4 | T4
dz§ Om Op gk dZ%

Now, define i} as a strictly positive random variable that translates beliefs specialist 1’s has

about the probability of events to the generalist’s beliefs about the same events,

1 G My
By [euy] =B {—?1{%}}
Un
in which e, is an event at time u. Applying Girsanov’s theorem, we arrive at (5). O]

2.4  Equilibrium

Despite only having two risky assets, each in unit supply, and a riskless bond in zero net
supply, I assume complete markets by synthesizing arbitrary futures contracts to complete

the market. Individuals maximize lifetime utility and the generalist’s problem is given by

oo G\1—y
sup]EG/ e_gt&dt
c 0 1-— Y

st.  E¢ / &cfdt = 0°EC / &.X,dt
0 0

in which vy is the coefficient of relative risk aversion, o is the time rate of preference, &; is the
stochastic discount factor in the economy, 8¢ is the generalist’s endowed claim to endowment
streams and X; = X/ + XP. Notice that expectations are set with respect to the generalist’s
subjective probability beliefs E¢, and I use E® as the reference measure throughout.
Specialist 1 faces an identical problem, except now we must apply the change of measure

since prices must be set from a common reference point. Thus, specialist 1’s individual

11



maximization is

0 1IN1I—y
sup EG / 77isle—gt (ct)
c 0 l—vy

st. E¢ / &erdt = O'EC / &.X,dt
0 0

dit

emphasizing 1! now in the objective function. Taking first order conditions in each agent’s

maximization problem,

_1 _1

_1 )\1 ot Y )\2 ot Y
o0 = () @ - (55)

where A\ is the Lagrange multiplier on the budget constraint, and imposing market clearing

conditions in the goods market,

_1 _1

1 ot By 2 ot Y
(ACe) ™ + (A &f > + <A gf ) =X+ X=X,
1 U

the stochastic discount factor in this economy is given by
v

= [(%) () (g_)] X ©)

and the generalist’s consumption c&* is

and the important variable wy(n},n?) is the generalist’s share of consumption from the
endowment at time ¢.

I now explain how changes in consumption occurs. Recall equation (5) and I re-state

12



below for convenience.

VI I fazg
—_ - _ 1 1
o [gA gB] \/17\/21—;»2 \/1+\/21fﬂ2 dz§

Suppose there is an output shock to asset A. The generalist updates his belief about g,
slightly more than specialist 1 does due to the specialist’s superior precision. As a result,
the generalist assigns higher probability to the likelihood that the next output will be higher
and he bets on it through n' as g} > 0. If beliefs are confirmed by the next output shock,
dn} <0 = n' | and consequently, the generalist’s share of consumption wy(n/,n?) increases.
In other words, an agent can have incorrect beliefs but still be rewarded, and an agent can
have the correct beliefs but luck works against him. Thus, the purpose of updating the
expected returns of each asset is to make “informed” bets, but chance governs how the claim

to endowment changes.

3 Results

Following convention in the literature on survival, I start with a basic definition.

Definition 1. An agent vanishes, or is driven out of the market on path s, if his share of

consumption converges to zero. An agent survives if he is not driven out.

It is important to point out that it is the share of consumption, not wealth, that must
converge to zero because it implies that the agent consistently made the worst forecasts.
Moreover, since agents have time additive utility and I assumed complete markets, the results
from Blume and Easley (2006) apply and the definition above is valid for this economy. I

now state my main result.

Result 1. SURVIVAL. Suppose ¢/ < ¢ and p # 0,y > 1. Specialists are expected to

dominate in the long-run if
I their lead over the generalist’s skill is sufficiently large
IT the generalist’s skill is sufficiently low.

13



Otherwise, E[1 — wy| gets arbitrarily close to zero as ¢’ — 1.

Proof. See Appendix. n
pdf Empirical dist
GE 30
5 25
4t 20
3 15
2 10
1 L J 5
0z o4 oe os  10% 02 04 06 08 10

Figure 2: 50 year probability density function of the generalist’s share of con-
sumption (left) and empirical distribution of 20,000 sample paths (right) for
¢’ = 0.4 and ¢ = 0.6. The pdf is calculated by first finding the characteristic function
of EP[(n3-)X(n2)] for x,e € C and applying Fourier inversion to compute E”[wyz]. Simula-
tions are conducted at monthly intervals for parameters when annualized, o = 0.15,0, =
0.03, = 0.015 with risk-aversion y = 3, output correlation p = 0.5 and speed of mean

reversion ¢ = 0.2.

The left plot in figure (2) shows the probability density function of the generalist’s share
of consumption in 50 years when ¢’ = 0.4 and ¢ = 0.6. What this plot shows is that
probabilistically, the generalist is expected to disproportionately vanish evident by the con-
centration at zero. About 17% of the time, the generalist is expected to luck out against
both specialists and have a consumption share of 1. The right plot shows simulated sample
paths to check that the empirical distribution matches the density function.

Figure (3) shows the same plot but now spanned over different combinations of precision.
The generalist’s skill is on the x-axis and the specialist’s skill is on the y-axis. The colormap
and the number on the ticks at the top axis, give the range of values for EX[wr(nk, n%)] in
that band. Looking at the point (0.4,0.6), we confirm the color region expresses what is

shown in Figure (2)7. Further, we look above the diagonal given the constraint ¢ > ¢'.

"To be precise, the expectation is taken over the density “on the edges” at .05 cutoffs to avoid the pull
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Figure 3: Dominance Regions and E” [wT] on the Edges. The color corresponds to

the range of values for EX [wT} for a given coordinate pair (¢, ¢).
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An intuitive answer that is confirmed by the plot is that a very skilled generalist is
optimal; Admati and Pfleiderer (1987) argue the same point by showing that signals are
complements at high levels of precision in the setup I described in the introduction. What
is not obvious however is that at low levels of precision, even when we are on the diagonal
so that ¢’ = ¢, the generalist is wiped out. In other words, the generalist has twice the
information as a specialist but vanishes from the market. When signals are noisy, more
information harms the investor, in the perspective of survival. This result is in contrast to
the Monotone Likelihood Ratio Property in information economics in which an agent can’t

possibly be worse off with more information. In my economy however, more information

towards the middle. The expectation of wr(nk,n2)] in Figure (2) is actually .34, but the reader may agree
that that number does not accurately describe the spirit of the plot.
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only sandwiches the agent in-between two aggressive traders.

The intuition for why this happens has been alluded to in Figure (1). To see it more
clearly, Figures (B.1) and (B.2) in the Appendix show the same impulse response functions,
but for (¢’ = 0.2,¢/ = 0.3) and (¢/ = 0.8,¢ = 0.9). The reason is this: suppose there
is a positive growth shock to asset A and suppose that in the next period, the output is
indeed larger so that the bet turned out to be a good bet. For the generalist to survive, his
cumulative net gains (what he loses to specialist 1 plus his gains over specialist 2) must be
large enough to be able to absorb net losses if the bet turns out wrong — for example if dZA
is large and negative and offsets the positive d B/ that agents observed through ds:*. The
friction is that the generalist must split his gains but incurs the full loss given the asymmetry
of trades as Figure (1) shows®. To resolve this problem, the generalist wants to be as close to
specialist 1 as possible while being as far away from specialist 2 as possible in beliefs about
A.

The role of ¢’ then is to create the separation that the generalist needs to have meaningful
gains, which can be seen comparing (B.1) to (B.2). Because the information asymmetry is
increasing in ¢’ (since a specialist ignores one signal), the magnitude of gains and losses
become larger and the ratio of losses/gains gets smaller. At low levels of precision, there are
almost no differences in beliefs but the generalist splits small gains and lose an amount that
is proportionally large (for example, the ratio of losses/gains to the share of consumption
is about 2 at low precision but approaches 1 at higher levels.). Being informed about the
other asset only accelerates this process. It is not until the ratio of losses/gains becomes

sufficiently small that probabilistically, knowing about two assets works to his favor.

3.1  Comparative Statics

The same logic could be applied to understand the effects of risk-aversion.

Result 2. RISK AVERSION. Fix ¢/ < ¢ and p # 0. Then, there is a y* such that lim; E[w,| =
0 for any ¢'.

OuTPUT CORRELATION. Suppose ¢/ < ¢ andy > 1. As p — 1 the dominance region shifts

8Since this is a 3-person economy, there will always be an uneven number of buyers/sellers
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Figure 4: Impulse response of the disagreement between forecasts in response to
an output shock between the generalist and specialist 1. The plots show ¢} = gt —pl
(left panel) and g = fif; — i}y (right panel).

to the right, and vice versa

I do not include a proof but setting y = 200 effectively shows the first result (the plot in
Figure (3) would just be white), though it is expected to take 200 years for the generalist
to vanish, not 50. The intuition is that there are only small pockets of opportunity for the
generalist to make money. Risk-aversion restrains the generalist from exploiting a specialist
fully when there are growth shocks to the other asset. If the generalist is too risk-averse,
then the gains are never decisive for the generalist to get to the finish line and though it
would take 200 years, the generalist will just eventually toil away from everyday Brownian
shocks.

Output correlation is also straightforward. If there is no correlation, the specialist is at
a disadvantage since he has no information about the other asset. Conversely, if correlation
goes to 1, even though specialist 1 does not see the growth shock to B, the high signal
correlation accelerates his recovery, as the inward push of the curvature in Figure (4) lower

right panel shows. In other words, the specialist is able to adjust faster and the generalist
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loses the space that affords him to take advantage.

3.2 Business Cycles

In the final subsection, I study a recurring theme that generalists are able to time the
market. The first point of clarification is as already mentioned, the definition of generalist
appears to differ between knowing many things versus knowing about the market — though
I would argue that a specialist could specialize in the market. This paper can only speak to
a generalist as defined as knowing many things.

In this paper, generalists also thrive in recessions and expansion — a symmetry empir-
ically discussed in Kacperczyk et al. (2014). I start with a definition and present my final

result, which admittedly is more of an informed hypothesis.

Definition 2. The economy is in an expansion (recession) if the conditional rate of growth

i is more than 1 standard deviation above (below) the average ji.

Result 3. BUsiNESs CYCLES. Suppose a path s is dominated by extreme events. Moreover,
assume the generalist is sufficiently skilled, ¢’ > ¢*. Then, more often than not, specialists

are driven out of the market even for low E[w,].
I now present another useful result.

Lemma 3. The Malliavin derivative?, or the impact of an instantaneous shock today on the

9To help motivate the use of Malliavin calculus, consider the solution to the stochastic differential equation
of the equivalent martingale measure d§; = —&ridt — &k dW,; where k = (uy — r¢) /0,

t ¢
& = Egexp (—/ (rs + L@'f)ds — / /@'des>
0 2 0

The Malliavin derivative, which is a partial derivative, is the impact of an innovation in the Brownian motion
dW; at time ¢ on the stochastic discount factor at time 7. Applying the chain rule of Malliavin calculus,

Pk
&

= _K’t

which is why in Dumas et al. (2009),
“the instantaneous market price of risk (or Sharpe ratio) is equal to minus the diffusion of
the pricing measure. It is the instantaneous response of the stochastic discount factor to

shocks occuring today.”

See Appendix D in Detemple et al. (2003) for an excellent introduction.
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share of consumption wr(nkh, n2) at a later date T, is given by

1\ =1 2\ =—1
—wq(nf, ) {ﬁ (Z—?)Y Dy + 355 ("—T)Y @m%]
@th(T]’},T]%) =
+

where

and 2,9} .., 2195, given in the appendix.
Proof. See Appendix. m

With these tools at hand, I now explain Figure (5) above. The top left panel shows the
generalist’s change in the share of consumption in response to a Z4 shock when asset A is
either in a recession or an expansion and asset B is in normal times. The bottom left shows
the same plot but for a Z® shock. As Equation (7) shows, the effect of a shock is difficult to
disentangle due to the various cross-interactions. However, the left panel essentially conveys
that the losses are smaller than the gains. The condition ¢’ > ¢* is to ensure that the gains
on a Z® shock is larger than the losses on a Z4 shock; when asset A is at a peak or a trough,
the “turbulence” so to speak allows the generalist to exploit the information asymmetry in
asset B much more than what specialist 1 can extract from the generalist.

The right panel further shows that when both assets are in expansions or recessions,

the generalist always makes at least a small gain; the generalist’s constant in-betweenness
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Figure 5: Impulse response of the A in generalist’s share of consumption in re-
sponse to an output shock. Plots on the LHS correspond to when only Asset A is in
booms and busts. Y-axis in percentage points. ¢’ = 0.5,¢ = 0.7

creates a buffer against both sides when disagreement is most volatile, avoiding large losses
(comparatively) when the growth rate is away from its mean. Simulations confirm that when
an asset is in an expansion/recession, the corresponding specialist’s average mean-squared
error of the other asset multiplies by a factor of 3. Finally, Figure (6) shows an empirical
exercise, populating sample paths with Brownian motion that concentrate in business cycles.
The figure shows that while the generalist’s consumption share is still centered around 1/3
(his starting share) in the left panel, augmenting sample paths to be excessively volatile (in
the disagreement sense) “clears” the market much sooner, and to the generalist’s favor —
recall that in Figure (2), the concentration was at zero.

From the 2 figures above, a plausible inference is that business cycles do not occur

frequently enough for a non-high skilled generalist to be profitable.
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Figure 6: 15 year empirical distribution of the generalist’s share of consumption
when E[dB}] = 0 (left) and E[dB;] # 0 (right). For illustration purposes, and parameters
are the same as in Figure (2).

4 Conclusion

In a three-agent economy with two risky assets, the most reasonable conclusion is that an
agent who is perpetually in-between two other agents in trade size is at a material disadvan-
tage on average. In my paper, the generalist fulfilled that role as the trade-off for “knowing
many things”. Indeed, Figure (B.3) in the Appendix explores the case when the true in-
formativeness of the signal is the midpoint of the precision between the generalist and the
specialist — in other words, the specialist is “overconfident”. If the signal is allowed to be
truly noisy'?, the tentativeness of the generalist appears to be a bigger crutch; these figures
raise the question on whether the market favors specialized traders. In the real world, it’s
more likely that we are in regime of many assets and many noisy signals. The results of my
paper suggests that on average, specialists should perform better than generalists.

This paper differs from existing literature on information specialization by allowing gener-
alists and specialists interact with each other. I argue that this distinction is important—the
optimality of signals as complements or substitutes is of second order importance. How to

position oneself against the other players in the market hold primacy.

1980 the true process of a signal follows ds{! = ¢*dB/* + /1 — (¢*)2dW* in which ¢* is the midpoint.
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A Proofs

Proof of Result 1. The goal is to find E” [wT} , the expected share of consumption at T" under
the true probability measure. To know this quantity, and given the dependence wy(n}, n?),
we need to know the joint conditional distribution of n! and n? at a later date u under the
physical measure, given the value of the state variables at time ¢. To formalize, we first look

for the characteristic function, or the Fourier transform, of the unknown transition density

H (' 5 f5 fa Foo f2 footws xo ) = B [(m)* ()] x.e€C

and once it is found, we can apply the inverse Fourier transform to get back the original
probability density function. Now, the Feynman-Kac theorem tells us that the function

H (" IS, 15, fhs fh, 3, fE t,u; X, €) must satisfy the linear PDE:
oH
0=LH (n177727ff?fg7f}l7fll37fi7fl2%tau;><7 6) + E (77177727.][51;7fgafivféafiafgatvu;X7€)

with initial condition H (n*,n?, f§, 15, fa. [, [3, [t 6 x.€) = (n1)X(n*)© and where L is
the differential generator of the state variables. The function arguments for H is due to the
fact that we must find the density with respect to the physical measure. Furthermore, n! is

now given by

Cl’l]1 G 1 G 1 02(11—;;2) _02(1p_p2) f
S (Rl I N WA
-~ 2(1-p%)  o*(1-p?) T

~lug-m -] | R Ao |2
ViV I+4/1-p? dzB
a/2(1-p?) a4/2(1-p?)

which is derived by adding and subtracting the true conditional mean to the first step in the
proof of Lemma 2 and making the substitution to change from the generalist’s subjective
Brownian motion to the true measure Brownians.

The differential generator LH (n*,n%, f§, 5, f4. [, [3, [}, T, u; x, €) actually has over 25

terms, and the tedious algebra to get to the next step takes a dozen pages. For our collective
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sanity, I will write down the first few terms and explain what needs to happen.

LH(n'n? £ f5 fh fo fas o tous xoe) =

2
2_7[7{ (dn') + %% (dnl)2 + -+ (for each state variable)
O*H O*H

d 1 d 2 dn')(d G

PH o PH o PH
+m(de)(de)+m(de)(de)+m

2
+ %(dff)(dfi) + -+ (all remaining combinations)
Ofx0fa

0*H 1 G
Sy @ASE) +

_|_

(df5)(dfp)

The solution to this PDE takes the exponential affine linear quadratic form,
H (77177727f§7fg7f}hféufi?f]%ﬁt?u;)(?E) = (771)X(772>6HP (fgvfg7f}17f]éafi?fé7t7u;><7€)
where

Hp (fS. 15, fh [ f3, [ tous X, €) = exp (C(X, eu—t)+C5(x,eu—t)(f9)?
+ OG5 eu—t)(f5) + Calx, e u—t)(f1)* + Cx(x, 6 u—t)(f5)?

+ Calv u = D3 + R0 u - D(/3)°)

Now to find the seven coefficients, one must solve the resulting system of 6 Riccati ordinary
differential equations, and a seventh ODE of order 1 in which the coefficients are all functions
of time; the reader may forgive that I omit writing down the reduced system. Thus, I
explicitly derive the characteristic function up to the numerical solution of a system of
Riccati equations, which can then be easily solved for in Mathematica.

Once the function H is found, one can apply the inverse Fourier transform to get back
the original probability distribution function for the joint conditional distribution of n' and

n?. In particular,
00 1 o} 771 —ix 772 —ie dﬁl dﬁ2
EP 1,2y _ // 12y | & // n n . an” dn”
[w(nua nu)} 0 w(77 1 ) o o 771 772 P( ) dXdE 771 772
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One can then take the expected value over this distribution for a given pair of (¢', ¢). O]

Proof of Lemma 3.

(Q6-0L)—p(QE-0) (01— p(C—al,))
a2(1—p?) Op S2(=77) O
(@2 —p(QO-0) | (@O0 p(00-0}))
Digar = e Vi) o?(1-p?) Tm o2(1-p?) Op
(¢ — p)o,
Q- [T 00 g 0
o gl
[ 0 - 1t
(chgl )— (Qfﬂl) (Qfgl, (QGfgl )
A om0
(Q9-Qp)—p(Q-Q") (-0 p(QF —0L,))
Dgy = e Ve 202 T T eapm Om
i ' |
2 — [T —l 4 (t—u
e A

where w(lm), w(lm) are the elements along the diagonal of the matrix exponential on

C+ Q}Afpﬁl Qlfpﬂk
7/)1 _ ~o?(1=p?) o?(1=p?)
Ql—pﬂ}g Q}B—le

e e B

To arrive at Equation (7), I first present a more straightforward example. Consider the

differential equation

dxA 14 +/1— p2 1—+/1—p2
= e+ \/%dZtA—H/%dZtB
t

t 1 t t
XA = Xgexp { / (uf — §a2> du + / o, dZ} + / adef]
0 0 0
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Now taking the Malliavin derivative of X1 at date ¢ and applying the chain rule of Malliavin
calculus,

T
XA = X2, X+ X4 U Dpitdu+ o, + o
t

which reduces to

_I,

QG —pQ& QG —pQ¢

2,X 1 R
t<xT _ —(T—t 06— QG QG_ O¢
Xi ["p "m] roli=e ) |+ o
/
¢'o,

Applying the chain rule to the definition of wr(nt, n?) leads to (7) after using an integrating

factor to find the solution to g4 and g.
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B Additional Figures
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Figure B.1: Impulse response of an agent’s forecast error in response to a unit

Brownian shock at t = 1 for ¢’ = 0.2, ¢ = 0.3. Forecasts about u# (left), u? (right).
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Figure B.2: Impulse response of an agent’s forecast error in response to a unit

Brownian shock at t =1 for ¢’ =0.8, ¢ =0.9.
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Figure B.3: Dominance Regions and E” [wT} on the Edges. The color corresponds to

the range of values for E” [wT] for a given coordinate pair (¢', ¢). The true informativeness

of the signal is the midpoint of ¢’ and ¢.
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